1.
Introduction.-In a recent paper' we proved that if S is a potent semiring in which each two-sided ideal contains a minimal right ideal and a minimal left ideal of S, then any right ideal R $ (0) contains a multiplicative idempotent.
The existence of this idempotent now enables us to obtain for a potent semiring a theory analogous to the Wedderburn-Artin structure theory of a semisimple ring with minimum condition. 2 In this paper we prove that if S is a potent semiring with identity in which each two-sided ideal contains a minimum right ideal and a minimum left ideal and S is a strong direct sum of minimal right ideals, then S is a strong direct stim of semirings isomorphic to matrix semirings over division semirings. Hence it is S and RiS = (O), RjR1 = (0), which contradicts the potency of S.
Therefore, RiRl F (0), and there exists xi efR such that (0) c xjR1 C Ri. Since xfR1 is a right ideal and Ri is a minimal right ideal 0 (0), then xR, = Rf. Hence (xi), induces a left homomorphism au of R1 onto Ri. There exists yj such that yifR = R,. Therefore, yjxiRl = yRj = R,. Lemma k is the semiring of left homomorphisms of S into S permutable with eik, i, k-1, 2, . . . , n. Let k e K, and set r(k)(r1) = k(r1). r defines a homomorphism of K into K. k r(k) is a homomorphism of k. Let k e K and k = E ej1kelj; then kers = ersk and k e K. Now r(k) (ri) = E ejlkelj(r1) = eluk(ri) = k(r1). Hence T(k) = k, and r is an isomorphism of K onto K. Hence St _ slM, X K.
LEMMA 5. K is a division semiring. Proof: If k E K, k 0 0 and R1 = eS, e2 = e, then k = (k(e)) 1, when applied to R1; for k(ex) = k(eex) = k(e)ex. Lemma 1 states that for each p E S for which pRi C R1, pRi Fd (0), there exists p' e R such that (2 r) is the inverse of (ri).
Actually K is formed already by the left multiplications of R1 with elements of R1, since p and ep induce the same mapping of R1 into R1.
If S possesses an identity, then S is isomorphic to S,. Thus Lemmas 3-5 yield the following structure theorems: THEOREM 1. If S is a potent simple semiring with identity and S is a strong direct sum of minimal right ideals, then S is isomorphic to a semiring of matrices over a division semiring. THEOREM 2. If S is a potent semiring with identity, in which each two-sided ideal contains a minimal right ideal and a minimal left ideal, and S is a strong direct sum of minimal right ideals, then S is a strong direct sum of semirings which are isomorphic to semirings of matrices over division semirings.
Proof: Since S = R1 + R2 + ... + Rn, Ri, i = 1, 2, ..., n, minimal right ideals, we collect all summands which are operator isomorphic. These operator-isomorphic summands form a minimal two-sided ideal. S is a strong direct sum of these minimal two-sided ideals, which are simple with identity. Their structure is known by Theorem 1. We conclude this paper with an example of a matrix semiring over a division semiring, in which the modular identity and strong decomposition do not hold. Let M. X S = Sn be the matrix semiring of order n, over a division semiring S. Let I < i < n, E1 = ell + e22+ . . . + eii; then ejjS, is a minimal right ideal, and Hence the modularity identity is not valid in S, and no strong decomposability exists either.
